We discuss the integrable boundary conditions for the one-dimensional (1D) Hubbard Model in the framework of the Quantum Inverse Scattering Method (QISM). We use the fermionic R-matrix proposed by Olmedilla et al. to treat the twisted periodic boundary condition and the open boundary condition. We determine the most general form of the integrable twisted periodic boundary condition by considering the symmetry matrix of the fermionic R-matrix. To find the integrable open boundary condition, we shall solve the graded reflection equation, and find there are two diagonal solutions, which correspond to a) the boundary chemical potential and b) the boundary magnetic field. Non-diagonal solutions are obtained using the symmetry matrix of the fermionic R-matrix and the covariance property of the graded reflection equation. They can be interpreted as the SO(4) rotations of the diagonal solutions. † E-mail: siroisi@monet.phys.s.u-tokyo.ac.jp ‡ E-mail: wadati@monet.phys.s.u-tokyo.ac.jp §1. Introduction
The parameter U is the coupling constant describing the Coulomb interaction. The bulk properties of the 1D Hubbard model have been clarified by analyzing the associated Bethe ansatz equations [2] . As is well known, the Hamiltonian (1.1) enjoys two SU(2) symmetries [3] [4] [5] [6] [7] , which are the spin-SU(2) generated by (n m↑ − n m↓ ) , (1.4) and the charge-SU(2) generated by (n m↑ + n m↓ − 1) . (1.5) For the consistency of the definition of the charge-SU(2), it is necessary to assume that the number of the lattice sites N is even. The spin-SU(2) and the charge-SU(2) are connected through the partial particle-hole transformation holds, the exact symmetry of the Hamiltonian (1.1) is SO(4) = [SU(2) × SU(2)] /Z 2 . The SO(4) symmetry may be the most fundamental property of the 1D Hubbard model that characterizes the various physical features of the model. For example, it was proved by Eßler et al. that the Bethe ansatz states of the 1D Hubbard model are incomplete and have to be complemented by the SO(4) symmetry [8] [9] [10] . Eßler and Korepin [11, 12] showed that the elementary excitations of the half-filled band constitute the multiplets of SO (4) .
To discuss the bulk properties of the model, we usually assume the periodic boundary condition (1.2), since the bulk physical quantities do not depend on the boundary condition. Shastry constructed the L-operator and the R-matrix which satisfy the Yang-Baxter relation, "RLL = LLR", for the equivalent coupled spin model (1.12) . The present authors proved the Yang-Baxter equation, "RRR = RRR", for Shastry's R-matrix [24] [25] [26] .
It is well known that the Jordan-Wigner transformation (1.11) is not consistent with the periodic boundary condition for the fermion operators (1.2). In fact the periodic boundary condition for the fermionic operators (1.2) corresponds to a sector dependent twisted boundary condition for the coupled spin model (1.12)
(1.14)
Hence it is more natural to use the fermionic formulation developed by Olmedilla et al. [22, 23] , when we discuss the boundary conditions for the 1D Hubbard model. They proposed the fermionic L-operator and the fermionic R-matrix which satisfy the graded Yang-Baxter relation.
The transfer matrix which corresponds to the fermionic 1D Hubbard model with the periodic boundary condition is constructed by taking the supertrace of the monodromy matrix [22, 23] . In this paper, as a first problem, we shall generalize their results to the case of the twisted periodic boundary condition. We shall find the symmetry matrix of the fermionic R-matrix, which is the constant solution of the graded Yang-Baxter relation. It is closely related to the SO(4) symmetry of the Hamiltonian (1.1). The symmetry matrix can be inserted into the transfer matrix without breaking the integrability [27] . We shall show that the periodic boundary condition is twisted by the insertion of the symmetry matrix.
A general method to prove the exact integrability of the model with open boundaries was developed by Sklyanin [27] . Through the Jordan-Wigner transformation, the Hamiltonian (1.9) is transformed into
Zhou [28] applied the Sklyanin's formalism to investigate the exact integrability of the model (1.15). He formulated the reflection equation in terms of Shastry's R-matrix and found a solution which corresponds to the boundary chemical potential. Subsequently, the solution corresponding to the boundary magnetic field was also found [29] . In this paper, as a second problem, we shall formulate the graded reflection equation in terms of the fermionic R-matrix. It is shown explicitly that there are only two diagonal solutions for the graded reflection equation, which correspond to a) the boundary chemical potentials and b) the boundary magnetic fields. In this way, the integrability of the 1D Hubbard model with boundary fields (1.9) is proved. Moreover, making use of the covariance property of the reflection equation, we construct two non-diagonal solutions. It is shown that the partial particle-hole transformation for the fermionic R-matrix relates these solutions. §2. Fermionic R-Matrix and Graded Yang-Baxter Relation Let us recall the fermionic formulation of the integrability of the 1D Hubbard model [22, 23] . The fermionic L-operator is given by
where
and
Here I is the 4 × 4 identity matrix, ⊗ means the usual direct product, and f ms (θ) = sin θ − {sin θ − i cos θ} n ms , g ms (θ) = cos θ − {cos θ + i sin θ} n ms .
αγ,βδ
It is sometimes convenient to write the fermionic L-operator explicitly,
The parameter h should be considered as a function of the spectral parameter θ and the Coulomb coupling constant U through the relation
The fermionic L-operator fulfills the graded Yang-Baxter relation [22] 
Here the parity of the Grassmann direct product ⊗ s is assigned as
In the graded Yang-Baxter relation (2.8), the constraints
are assumed. The matrix elements of the fermionic R-matrixŘ 12 (θ 1 , θ 2 ) are given in ref. 22 . For later use, we introduce an equivalent fermionic R-matrix 11) where P 12 is the graded permutation
Using the fermionic R-matrix R 12 (θ 1 , θ 2 ), the graded Yang-Baxter relation (2.8) can be expressed as
We parametrize the matrix elements of the fermionic R-matrix as follows 14) where
The second equalities for the Boltzmann weights b ± and d ± are due to the constraints (2.10), or equivalently the relation tanh(
We note some useful relations among the Boltzmann weights [22] ,
The monodromy matrix is defined as the ordered product of the fermionic L-operators
From the (local) graded Yang-Baxter relation (2.8), we have the global relation for the monodromy matrixŘ 19) or equivalently
In other words, the monodromy matrix (2.18) is a representation of the associative algebra T defined by (2.19) or (2.20) . By taking the supertrace of (2.19) or (2.20), we find that the transfer matrix
constitutes a commuting family
Olmedilla et al. [22] showed that the Hamiltonian (1.1) under the periodic boundary condition (1.2) can be obtained by the series expansion of the transfer matrix t(θ) around θ = 0. Now we list some properties enjoyed by the fermionic R-matrix
(2) Graded Yang-Baxter equation:
where we assume the constraints
(3) Unitarity:
(4) Crossing unitarity:
Here the supertransposition acts on the 4 × 4 matrix with the parity (2.9) as follows
In (2.30), st j means the supertransposition with respect to the j-th space.
We further note some properties of the R-matrix,
Here st j stands for the inverse of the supertransposition st j ,
We remark that R 12 (θ 1 , θ 2 ) st 1 ,st 2 can be obtained from the R-matrix R 12 (θ 1 , θ 2 ) by exchanging the Boltzmann weights as if ↔ −if .
The graded tensor product is assumed in the above relations. The graded Yang-Baxter equation, for instance, is expressed as follows [30] 
The authors gave a proof of the Yang-Baxter equation for Shastry's R-matrix [24] [25] [26] . We can show that the graded Yang-Baxter equation for the fermionic R-matrix is equivalent to the Yang-Baxter equation for Shastry's R-matrix. §3. Symmetry of the Fermionic R-Matrix and Twisted Periodic Boundary Condition
In this section we shall discuss two important symmetries of the fermionic R-matrix. The symmetry of the fermionic R-matrix is defined by the constant matrix M = (M ij ) that satisfies
or equivalently,
Here we assume that the matrix elements M ij are commuting numbers. Solving the defining relation (3.1) or (3.2), we have found that the symmetry matrix M for the fermionic R-matrix takes the following form
with the condition
We denote the submatrices of M as
Then the condition (3.4) can be written
Since an overall constant is not relevant for the integrability, we put
In other words, the submatrices M charge , M spin belong to SL(2, C). The symmetry matrix M reflects the SO(4) symmetry of the Hamiltonian. It is to be remarked that the symmetry matrixM of Shastry's R-matrixŘ 12 (θ 1 , θ 2 ), which is defined by
is not of the form (3.3) and (3.4) [31] . Shastry's R-matrixŘ 12 (θ 1 , θ 2 ) is related to the fermionic R-matrixŘ 12 (θ 1 , θ 2 ) through the formula [22]
where W 12 is a diagonal 16 × 16 matrix
Since (3.9) is not a gauge transformation, the symmetry of Shastry's R-matrix may be different from that of the fermionic R-matrix. The fermionic R-matrix is more suitable when we investigate the symmetry of the fermionic Hamiltonian in the framework of the QISM. Using the symmetry matrix, one may twist the periodic boundary condition. The symmetry matrix M can be inserted into the transfer matrix without breaking the integrability [27] t(θ; M) = str {MT (θ)} .
(3.11)
The generalized transfer matrix t(θ; M) still constitutes a commuting family
The series expansion of t(θ; M) around θ = 0 gives rise to a HamiltonianĤ(M)
(3.14)
It is easy to see that the choice M = I corresponds to the periodic boundary condition (1.2) [22] . Further, we assume the submatrices M charge and M spin belong to SU(2). Namely,
The relations (3.17) can be expressed in a matrix form
This shows that the periodic boundary condition can be rotated by the group SU(2) × SU(2). A quite similar SO(4) rotation was observed by Affleck [7] . Since the choices M spin = −1, M charge = 1 and M spin = 1, M charge = −1 induce the same transformation (3.18), the exact group symmetry is SO(4) = [SU(2) × SU(2)]/Z 2 . Now let us consider the diagonal M parametrized as follows,
From (3.17), the corresponding twisted periodic boundary condition is 20) which is identical to (1.8). Especially, if we take φ = π and ψ = −π, (3.19) becomes
In this case, the supertrace in the transfer matrix (3.11) becomes the usual trace
Thus, as remarked in ref. 23 , we can take the trace of the monodromy matrix instead of the supertrace. However, the boundary condition in this case should be anti-periodic
Next we consider a discrete symmetry related to the partial particle-hole transformation (1.6). We solve the following equation
with a constant matrix N = (N ij ). Here we explicitly write the U-dependmence of the fermionic R-matrix. Note that the coupling constant of the fermionic R-matrix in the RHS is −U , or equivalently h 1 → −h 1 , h 2 → −h 2 . By solving the defining realtion (3.24), we find that the constant matrix N has a form, as before. The matrix N can be written as
Here and hereafter, 1 means the 2 × 2 identity matrix. Thus N is a composition of the symmetry matrix (3.3) and
In terms of this matrix, the fermionic R-matrix with the coupling constant U is transformed into the fermionic R-matrix with the coupling constant −U as follows
The matrix Q is related to the partial particle-hole transformation (1.6) of the Hamiltonian. There are other choices for the matrix Q. For example,
also satisfies (3.30), which may be more appropriate as the partial particle-hole transformation (1.6) [32] . However, for simplicity, we choose the matrix (3.29) as the partial particle-hole transformation of the fermionic R-matrix.
§4. Graded Reflection Equations for the Fermionic R-Matrix
In this section we investigate the integrability of the 1D Hubbard model with open boundary condition in terms of the fermionic R-matrix R 12 (θ 1 , θ 2 ). We introduce an associative algebra T − defined by the fermionic R-matrix [27, 33, 34] ,
The relation (4.1) is called the graded reflection equation (graded RE). The following theorem is fundamental for the application of the associative algebra T − . Theorem [27, 34] LetT − (θ) be some representation of the associative algebra T − (4.1) and T (θ) of the associative algebra T (2.20). Then T − (θ) defined by
is also a representation of T − provided that the matrix elements ofT − (θ) and T (θ) commute. This property is sometimes called the covariance property of the (graded) reflection equation [34] . For the application to the 1D Hubbard model, we choose T (θ) andT − (θ) as
Here K − (θ) is a constant supermatrix satisfying the graded RE (4.1),
The K-matrix K − (θ) specifies the integrable boundary condition. In this paper we assume that the matrix elements of K − (θ) are commuting numbers and only the even elements with respect to the parity (2.9) are non zero [33] ,
To construct a transfer matrix, we introduce another K-matrix K + (θ) satisfying the conjugated graded RE
(θ 2 , θ 1 )
We assume that the K-matrix K + (θ) is also of the form (4.6). Then the supertransposition to the K-matrix K + (θ) reduce to the usual transposition. Now we define the transfer matrix by
Using the unitarity (2.27), the crossing unitarity (2.30) and the graded REs (4.1), (4.7), we can show that the transfer matrix τ (θ) constitutes a commutative family [27] , i.e.,
which shows the existence of the mutually commuting conserved currents including the Hamiltonian. We note
Here we definē
.
(4.12) §5. Integrability of the 1D Hubbard Model with Boundary Fields
In this section we solve the graded REs (4.5) and (4.7) for K − (θ) and K + (θ). First, we note a relation between the R-matrix
Then the graded RE (4.5) for K − (θ) is cast into a form
with the graded tensor products, 4) and substituting it into the graded RE (5.2), we have 10 non-trivial functional equations for x i (θ), (i = 1, · · · 4). By solving these functional equations (see Appendix), we obtain the following two sets of solutions for the diagonal
− (θ; p − ):
Here p − is a constant parameter corresponding to the boundary field. Recall that the parameter h is regarded as a function of the spectral parameter θ through the constraint
When we put p − = 0, the solutions K
which supply the missing interaction term at the boundary site m = 1. To see the contributions of the boundary fields clearly, we redefinẽ
Now the linear term with respect to the spectral parameter produces the boundary chemical potential at the site m = 1
Similarly, we haveK
The linear term in (5.14) gives the boundary magnetic field at the site m = 1
Thus we have shown that K − (θ; p − ) corresponds to the boundary magnetic field. A comment is in order on the derivations of (5.13) and (5.15). Rigorously speaking, (5.12) and (5.14) respectively give twice of (5.13) and (5.15). However, the bulk Hamiltonian appears twice in the expansion of the transfer matrix. Therefore the Hamiltonian contains the boundary fields as given in (5.13) and (5.15).
We also remark that the diagonal solutions (5.5) and (5.6) coincide with those found for the coupled spin model (1.15) [28, 29] . Actually, if we formulate the reflection equation in terms of Shastry's R-matrix [28] , we obtain the same functional equations as (A.5)-(A.14) (see Appendix) for the diagonal K − (θ).
Solving the graded RE (4.7) for the diagonal K + (θ) in a similar way, we obtain two solutions for the K-matrix K + (θ) as follow. a) K + (θ) = K (a) + (θ; p + ):
+ (θ; p + ): + (θ; p + ) corresponds to the boundary magnetic field.
As in the case of (5.10) and (5.11), we may redefinẽ
Then around θ = 0, we havẽ 
These results are consistent with the coordinate Bethe ansatz for the cases (1.10). The Hamiltonian (1.9) is obtained by expanding the transfer matrix with respect to the spectral parameter
Here C i (i = 1, 2, 3, · · ·) are some scalar functions. We omit the detailed derivation of (5.25) in this paper, which can be carried out using the method in ref. 
Due to the definition of the supertrace (2.22), both formulations provide the same transfer matrix str
Non-Diagonal Solutions of the Graded Reflection Equation
We can construct non-diagonal solutions of the graded RE (4.5) by use of the covariance property (4.3) and the symmetry matrix M. For example, we have a solution
− (θ; p − , M charge ) does not depend on the submatrix M spin . Since the relation
holds, the solution (6.2) depends on three arbitrary parameters,
The corresponding boundary term is
Note the existence of the term c † 1↑ c † 1↓ (c 1↓ c 1↑ ) which creates (annihilates) a double occupied state at the boundary site. If we assume M charge ∈ SU(2) (cf. (3.15) ), we have 6) and the boundary term (6.5) becomes hermitian (p − is assumed to be real). Similarly, we have
solutions of the graded RE (4.5). It is also possible to construct the non-diagonal solutions of the conjugated graded RE (4.7) in a similar way. Next we clarify the relationship between the two solutions K − (θ; p − , M spin ) (6.7). Applying the partial particle-hole transformation of the fermionic Rmatrix to the graded RE (4.5), we find that for a given solution K − (θ; h(θ)),
is also a solution of the graded RE (4.5). Here we have explicitly written the parameter h(θ). The transformation h(θ) → −h(θ) corresponds to U → −U . Then the solution (6.7) is connected with the solution (6.1) through the following formula,
Here the matrix elements of M charge are exchanged with those of M spin . In fact one can see that the partial particle-hole transformation (1.6) changes the boundary term (6.5) into (6.11) with the exchange M charge ↔ M spin . §7. Conclusion
In this paper we have studied the integrable boundary conditions for the 1D Hubbard model from the point of view of the Quantum Inverse Scattering Method. We have treated both the twisted periodic boundary condition and the open boundary condition. The most important object in the investigation is the fermionic R-matrix for the 1D Hubbard model found by Olmedilla et al. [22] . It has an interesting symmetry matrix, which reflects the SO(4) symmetry of the Hamiltonian. Using the symmetry matrix, we have found the general twisted periodic boundary condition. In a sense, the periodic boundary condition can be twisted by applying the SO(4) rotation to the boundary operators. We have also found the discrete symmetry of the fermionic R-matrix, which corresponds to the partial particle-hole transformation for the Hamiltonian. Recently the SO(4) symmetry of the transfer matrix was investigated by Göhmann and Murakami [32] . The symmetry of the fermionic R-matrix is directly connected with the SO(4) symmetry of the transfer matrix [31] .
For the integrable open boundary conditions, we have formulated the graded reflection equation in terms of the fermionic R-matrix. By solving directly the functional equations, we have obtained the diagonal K-matrices. There are two types of the K-matrices, which correspond to a) the boundary chemical potential and b) the boundary magnetic field. Moreover we have obtained non-diagonal K-matrices using the covariance property of the graded reflection equation. We can rotate the diagonal boundary fields by means of the SO(4) symmetry. The two types of solutions are related through a partial particle-hole transformation for the fermionic R-matrix.
Recently there was reported some important progress in the evaluation of the eigenvalues of the transfer matrices of the 1D Hubbard model [35, 36] . It is an interesting problem to generalize these results to the model with the twisted periodic boundary conditions and the open boundary condition.
Let us introduce the Boltzmann weights of R 12 (θ 1 , −θ 2 ) = sin(θ 1 + θ 2 ) cos(θ 1 + θ 2 ) 1 ± tanh(h 1 − h 2 ) cos(θ 1 − θ 2 ) cos(θ 1 + θ 2 ) , c ± = sin 2 (θ 1 + θ 2 ) 1 ± tanh(h 1 − h 2 ) sin(θ 1 − θ 2 ) sin(θ 1 + θ 2 ) , 
